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Abstract 

We consider quantum group theory on the Hilbert space level. We find all solutions 
for scalar and general exponential equations for the quantum "az + 5" group. It turns 
out that there is a simple formula for all of them involving the quantum exponential 
function Fj^. The very interesting theorem we prove by the way is the one on the 
existence of normal extension of certain sum of normal operators. 

To put it differently, we find all unitary representations of the braided quantum 
group related to the quantum "az + 6" group. This is the most difficult result needed 
to classify all unitary representations of the quantum "az + 6" group. Eventually this 
enables us to give a formula for all unitary representations of the quantum "ax + 6" 
group in our next paper [ p^ . 
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1 Introduction 

To explain what is going on in this paper let us use an analogy with the classical case. One 
of the goals of the classical group theory is to find all unitary representations of the group 
considered. For example, by SNAG theorem, we know that [/ is a (strongly continuous) 
unitary representation of the group M? acting on Hilbert space TL iff Coo{M?) there exists 
a pair of strongly commuting selfadjoint operators (a, b) acting on 7i such that for any 
(x, y) G M? we have 

U{x, y) = e'^'^'+'y^ . 

It means that all unitary representations of are "numbered" by elements from the set of 
all pairs of strongly commuting selfadjoint operators. 

On the other hand, every such pair gives rise, through the functional calculus of normal 
operators, to a representation of the algebra of all continuous vanishing at infinity functions 
on the group dual to M^, i.e. in this case to representations of Coo(IK^) = Coo(K^). This 
phenomenon, i.e. correspondence between unitary representations of the locally compact 
group G and representations of the algebra Coo{G), is known as the Pontryagin duality. On 
the other hand, the exponential function is a solution of the exponential equation 

F{x + y) = F{x)F{y), (1) 
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where x,y G R^. Moreover, if we look for a solution such that F is measurable and |-F(2;)| 
has a modulus 1 for every x, all the solutions of (||) is given by the formula 

F(x,y) = 6^^"+^^'' , 

where (a, h) G M^. 

The solution of the general exponential equation, i.e. with the one unitary-operator- 
valued function is a direct integral of the solutions of the scalar case. So once one knows 
solutions of the general exponential equation, one knows also all unitary representations of 
the group involved, in this case M^. 

One can also consider equation (||) in more general setting. One can allow x and y to 
be "coordinates" on the two copies of a space G, classical or quantum. They are usually 
sets of operators acting on Hilbert space and satisfying certain conditions. 



This paper is very similar in spirit to the our forthcoming paper [15|, where braided 
quantum groups related to the quantum "ax+b" group were studied and their unitary 
representations classified. 

In this paper we consider the quantum group theory on the Hilbert space level. The 
quantum "az+b" group was constructed recently by S.L. Woronowicz in ||2^. It is the 
natural deformation of the group of affine transformations of the complex plane, with the 
deformation parameter q being an even primitive root of unity (for details see citeaz+b). 
However, what we are mainly interested in in this paper is a braided quantum group related 
to the quantum "az+b" group. 

Let us begin with an explanation, what we mean by a quantum group there. 

In fact, the definition of locally compact quantum group, and such is "az+b", is still 
under construction ||^], however one knows approximately what a quantum group should 
be. 

We like most the approach using operator domain and operator function (described in 



[27, y, |T^). We believe it is a very insightful one. What we say below is not really necessary 
to understand the paper, but we hope it will be useful to understand idea that lie behind 
and the connections with the quantum "az+b" group. 

We only outline general ideas here, for more detailed treatment we refer the Reader to 

The description of an operator domain is similar to the global one of a manifold, where 
coordinates and relation satisfied by them are given. In our noncommutative case, the 
coordinates are closed (so in general unbounded) operators and the relations are arbitrary 
commutation rules that are invariant with respect to unitary transformations and direct 
sum decomposition. For this invariance S.L. Woronowicz, to whom this idea is due, coined 
a term "respecting symmetry of the Hilbert space" . 

Easy example of an operator domain is the one crucial in this paper: an operator domain 
D related to the quantum "az+b" group. The relations in this case are 

RR* = R*R and SpR C T 

where F is the multiplicative subgroup of C \ {0} given by (Q). The unbounded operator R 
entering descriptions of the operator domain D can be thus thought of as a "coordinate on 
a quantum space". Observe, that this space is entirely classical, it can be identified with F. 

The operator functions can be thought of as a recipe what to do with a A^-tuple of 
closed operators (oi, a2, aiv) to obtain another closed operator F(ai, a2, Oiv). An 
operator map are similar to operator functions, the only difference is they may transform 
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A^-tuple of closed operators (ai, 02, qat) to obtain another /c-tuple of closed operators 
(Fi (01,02, oat), Fi (01,02, ...jOat),) 

Let G be an operator domain and let G x G denote an operator domain 

G X G := {(x, y) \ x,y £ G and xy = yx} 

Let • be an operator map 

• : G X G B {x,y) ^ xy £ G 



Loosely speaking, a quantum group G is such an operator domain G equipped with an 
associative operator map •. 

Example 1.1 (Quantum "oz + 6" at roots of unity) 



G 



aa* = a*a, bb* = b*b, 
{a, b) : a invertible 

ab = qba 
Spo, Sp6 C r. 



where q in an even primitive root of unity and T is given by 
Group operation in G is given by 



where 



:GxG9((oi,6i),(o2,62))^(a,6)eGH 



= 01002 and 6 = oi (X" 62+^1 ® I, 



where -i- denotes closure. The spectral condition is there to make sure that G is closed 
under the operation •. 

The main difference between a braided quantum group and a quantum group is that a 
group operation on a braided quantum group G is defined on a smaller operator domain 

G^ := {{x,y) \ x,y £ G and x,y satisfy certain relations} . 

Usually we do not assume that operators from both copies of G commute, so in general a 
braided quantum group is not a quantum group. A group operation on a braided quantum 
group G should be the operator map 

Q) :G^3{x,y)^xQ)yeG 

which is associative. 

Example 1.2 (Braided quantum group D) Let us define operator domains 

D = {R\ RR* = R*R and SpR C T } 

and 

1)2 ^ {(^^ S))\R,S e D (Phase S)R = gi?(Phase S) 
and on (ker5)^ we have \S\'^R = e"T^*i?|5|** forany t G M } 
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and N = 6,8,10,.... 

We define an operation 

by 

RQ) oS = R+S. 

Thus defined operation Q) £) is associative and D with this operation forms a braided quan- 
tum group. 

Moreover, let us observe that the braided quantum group D is related to the quantum 
"az+b" group, denoted here by G, in the following way 

(6, a) G L»2 



Vkera = {0} 

In this paper we find all solutions of the general exponential equation for the quantum 
"az+b" group. In fact, we find all the unitary representations of the braided quantum 
group D. The main result is Theorem which gives formula for all such representations. 
This result is essential for classification of all unitary representations of the quantum group 



"az+b", which is achieved in our forthcoming paper |17|. 

The second important result in this paper is Proposition |5.1| , which solves the problem 
of the existence of a normal extension of a sum fiR + S, where {R, S) £ and // e F. We 



hope that this result will be useful in the construction of the quantum GL(2, C) group [11|. 

In the remaining part of this section we introduce some non-standard notation and 
notions used in this paper. 

In Section ^ we introduce commutation rules related to the quantum "az+b" group. 
In the next section we discuss properties of pair of operators (i?, S) satisfying these com- 
mutation rules. In Section Hwe repeat the definition of the quantum exponential function 
for the "az+b" group after [|28[| . Then we investigate in Section |5| the existence of normal 
extensions of /ii? + S, where [R, S) G and /i € F. In Section ^ we give all solutions of 
the scalar exponential equation for the quantum "az+b" group and finally in Section |^ we 
do the same for the general exponential equation. 

In Appendix |A| we prove the formula we use in Section |^ 

1.1 Notation 

We denote Hilbert spaces by TC and fC, the set of all closed operators acting on Ti. by C{H), 
the set of bounded operators by B('H) and the sets of compact and unitary ones by CB{7i) 
and Unit('H), respectively. The set of all continuous vanishing at infinity functions on a 
space X will be denoted by Coo{X). We consider only separable Hilbert spaces, usually 
infinite dimensional. We denote scalar product by (•!•) and it is antilinear in the first 
variable. We consider mainly unbounded linear operators. All operators considered are 



densely defined. We use functional calculus of normal operators [12, 13, 18 1. We also use 
the symbol Phase T for partial isometry obtained from polar decomposition of a normal 
operator T. 

We use a non-standard, but very useful notation for orthogonal projections and their 



images |23|, as explained below. Let a and b be strongly commuting selfadjoint operators 
acting on a Hilbert space 7i. Then by spectral theorem there exists a common spectral 
measure dE{X) such that 



/ XdE{X,n), b= I i2dE{X,fi). 
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For every complex measurable function / of two variables 

f{a,b)= [ f{X,X')dE{X,X'). 

Let / be a logical sentence and let %(/) be if is false, and 1 otherwise. If 7?. is a binary 
relation on M then /(A, A') = x(7?.(A, A')) is a characteristic function of a set 

A = {(A, A') G r2 : 7^(A,A')} 

and assuming that A is measurable /(a, b) = E{A). Prom now on we will write x(7?.(a, b)) 
instead of /(a, b): 

X{n{a,b))= [ x{m,^'))dE{X,X') = E{A). 

Image of this projector will be denoted by H{'JZ{a,b)), where '7^' is a Hilbert space, on 
which operators a, b act. 

Thus we defined symbols x(a > 6), x(a^ + = 1)) xif^ = 1), x{b < 0), xiO' 7^ 0) etc. 
They are orthogonal projections on appropriate spectral subspaces. For example H{a = 1) 
is is an eigenspace of operator a for eigenvalue 1 and x(a = 1) is orthogonal projector on 
this eigenspace. 

Generally, whenever A is a measurable subset of M, then 7^(a G A) is spectral subspace 
of an operator a corresponding to A and x(fi € ^) is its spectral projection. 

Let q and p denote the position and momentum operators in Schrodinger representation, 
i.e. we set H = L^(M). Then the domain of q 

D{q) = {'ilj£L^{R) : [ x'^\4>ix)\'^dx < oo } 
JR 

and q is multiplication by coordinate operator on that domain 

{qi{j){x) = xtp{x). 
The domain of p consists of all distributions from (M) such that 

D{p) = {V; G l2(M) : V' e L'^{R) } 

and for any tp & D{p) 

...w ^ h df{x) 

where — tt < h < tt. 

2 Commutation rules related to the quantum "az+b" group 

Let 

q = e^ , (2) 

where N is an even number and AT > 6, i.e. g is a primitive root of unity: q^ = 1. Let us 
introduce notation 

^ 27r 
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Note that h < tt and q = e^^. 

The assumption that is an even number was made by S.L. Woronowicz in [^], where 
the quantum "az+b" was constructed. We need the assumption that > 6 to use formulas 
(1.31), (1.32) and (1.34) from |2| (or equivalently (1.10), (1.11) and (1.12) from [H). We 
win use these formula to derive relations we need later on. 

Let 

N-l 

r = U R+ . (4) 

fc=0 

It means that F is a multiplicative group. 
Let r denote a closure of F in C, i.e. 

r = ru{o}. (5) 

Our goal is to find an exponential equation for a pair of operators {R, S) acting on Hilbert 
space Ti. and satisfying commutation relations described in [^] and denoted by {R, S) £ D-^ 
there. We recall below definition of these relations. 

Definition 2.1 Let TC be a separable Hilbert space. We say that closed operator {R, S) G 
Dn if 

1. R, S are normal 

2. ker R = kerS = {0} 

3. SpR, Sp5cr 

4- 

(Phased) R = qR (Phased) 
and \S\'^ R = e-T^* R \S\'^ , 

for any t G M. 



Remark 2.2 Condition 4. can be written in equivalent form using polar decomposition of 
operators R and S 

(Phased) \R\ = \R\ (PhaseS) 
|5| (Phasei?) = (Phasei?) |5| 
(Phases') (Phasei?) = q (Phasei?) (Phased) 

and 

\Sf \R\ \S\"' = e-^' \R\ , (6) 

for any t £M. 

Observe also that if one performs analytical continuation and substitutes t = z in (^), 
one gets \S\ \R\ = q \R\ \S\ . Hence, using other equalities introduced in Remark 2^ we get 

SR = q^RS and SR* = R*S . 

More precise derivation of these formulas can be found in proof of Proposition 2.1 |28]. 
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3 Properties of operators {R, S) G Dji 

We prove now analogues of Proposition 3.1, Proposition 3.2 and Theorem 3.3 ||2^. The 
proofs below are modification of those presented in the cited above paper. 

Let us consider Hilbert space L'^{T, dj), where dj is Haar measure of the group F, i.e. 

N - dr 



r f'oo 

/ /(7)d7 = E / 
Jr Jo 



r 



^k = {z: — <argz< ^ 

T I 2A;7r 2(fc + l)7r , 

Afe = <j z : — < argz < ^ ^ ' or z = 0.} (7) 



for any / G L^{T, d'j) and r e R+ and A; = 0, 1, - 1. 
Let 

2/c7r 2(A; + l)7r 



and 
Then 

Let 
Then 



c = r u U A, 



N-l 

* k 



k=0 



2k7ri 



Af-l 



r= (Jr.. 



k=0 

Definition 3.1 Let H^younded denote the set of all functions f G C(r), such that there exists 
a continuous and hounded function f defined on Kg x and such that 

1. for any k £ Z function 

Kb fiz,q'') 



is holomorphic 
2. for any r £ and k £ 7^ 



f{q''r)=f{r,q^) . (8) 



If / G H^iounded^ it follows that there exist the described above function /. We will use 
notation 

f{q-q^r) := fiqr,q^) . 



Proposition 3.2 Let {R,S) G D-^ and f G Hbounded- Then 

fiR)D{S) C D{S) 

and for any x G D{S) we have 

f{q ■ qR)Sx = Sf{R)x. (9) 
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Proof: Let S be the stripe {r € C : < 9r < 1} and let H{T,) be the space of ah functions 
continuous on E and holomorphic in the interior of S. Observe that space -ff(S) equipped 
with sup norm is a Banach space. 

For any A G T and r G S let us introduce notation 

where A: = 0, 1, — 1, and the relation between / and / is given by @. Then (fx G H{Y,) 
and < C", where C = sup{|/(r,g^)| : r e Ao and k € {0,1, ...,N - 1}}. Therefore 

l^ipx{T)di^{X) e H{J:) (10) 

for any (complex-valued) finite measure dfi{X) on T. 

Let dEfi{X) be a spectral measure of a normal operator R, x,y £ D{S) and dn{X) = 
{y\dER{X)Sx). Then 

Mr)dfi{X) = (y|/(e^n«l,Phase R)Sx). 



r 

Moreover, by (|To|) the map 

S 9 r — > {y\f{e^^\R\, Phase R)Sx) G C 

is a function continuous on T, and holomorphic inside S. 
Since x,y £ D{S), it follows that 

s 9 T — > is^y £ n 

are continuous. The former function is holomorphic, whereas the latter is antiholomorphic 
on S. Therefore the function 

S 9 r — > ((Phase 5)*|5r^y|/(|i?|, Phase R)\S\^+'^x) E C 

is continuous and holomorphic on S. 

Consider for a while case r G M. Since {R, S) € D-^, it follows that 

((Phase 5)*|5|*"y|/(|i?|, Phase R)\S\^+'^x) = ((Phase S)*y|5-*^/(|i?|, Phase R)\S\^+'^) = 

= {y\f{e^^\R\,e^^Phase R)Sx). 

The above equality remains true after analytic continuation to the r G S. In particular for 
T = i we get 

{S*y\fiR)x) = (y|/V^|i?|,Phase R)Sx) = {y\f{q ■ qR)Sx). 

The above formula holds for all y G D{S*). Moreover, f{R)x G D{S) and Sf{R)x = 

f{q ■ qR)Sx. □ 
For any z G F we define 

i{z) = \og\z\ . (11) 
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Let us define a new space of holomorphic functions 

i/ = {/ G C{T) : for any A > function e-^^^'^' f{r) E Hbounded} • (12) 
Note that is a vector space. Moreover, if we define for any f G H and z gT 



r{z)=f{q.qz) , 

then f*£H and (/*)* = /. By the above consideration and functional calculus for normal 
operators, for any operator R with spectrum contained in F, we get 

nR)=f{q-qR*r , (13) 

for any function f £ H. 

Observe that for any A > 0, function e^^^^'^ G H^ounded- 

Let {R,S) G D-j-i. Then for any A > 0, operator q-^^^^) is bounded and converges 
strongly to / when A +0. So the set 

D,= [} e-^^(^)^Z)(5), (14) 

A>0 

is dense in Ti, because D{S) is dense in 7i. Moreover, we have 
Proposition 3.3 Let f e H. Then 

0. Do C D{f{R)), 

1. f{R)Do C Do, 

2. Do C D{S), 

3. SDoC D{f{q-qR)). 

Proof: Let A > 0. One can easily check that function g{r) = e~^^^^^'^ satisfies as- 
sumptions of Proposition 3^. Therefore e~^^*^^) D{S) C D{S) and we thus proved point 
2. 

Let now f £ H and A > 0. Then the function 

g{r) = /(r)e-"^M' (15) 

is bounded. Therefore e-^^(^)'Z)(S') C D{f{R)) and point 0. follows. 

One can easily check that function g{r) defined by (p!5|) satisfies assumptions of Propo- 
sition 3^. Therefore 

f{R)e-^^^^'^'D{S) C D{S). 

Moreover 

f^R)e-^>^m'D{S) C e-^'^^^"DiS) C Do 



and point 1. follows. 
Let X £ Do- Then 

X = e-^^(«)'x', (16) 



where x' G D{S) and A > 0. By (H) 

e-^'(i-i^)'Sx' = Sx. 
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U f e H then function /(r)e"^^('')' is bounded, f{q ■ gi?)e-^^('? '?^)' G B{n) and Sx = 
^-xe(g-qR) g^i g D{f{q ■ qR))- This completes the proof of point 3. □ 

Let {R, S) G Df^ and let f G H. The just proved Proposition shows that operators 
5 o f{R) and f{q • qR) o S are densely defined, in particular their domains contain Dq. We 
will prove that these operators are closable. To this end we show that their adjoints are 
densely defined. It means that adjoints of these adjoints are well defined - and they are 
exactly closures of the considered operators. 

Using formula (|l^) we deduce that 

iSof{R)yZ)riq-qR*)oS* and (/(g • gi?) o 5)* D 5* o /* (i?*) . 

Moreover, Proposition |3]^ yields that if {R, S) e D-^, then also {R*,S*) G D-^. We know 
also that if f £ H, then /* G H, too. Therefore, by the Proposition we just proved, 
operators {Sof[R))* and {f{q-qR)oS)* are densely defined . Hence Sof(R) and f{q-qR)oS 
are closable operators. We will denote their closures by Sf{R) and f{q ■ qR)S, respectively. 

Theorem 3.4 Let {R, S) G D-j-i and let Dq be defined by ([l^). Then for any function f G H 
we have 

0. Dq is a core for f{q ■ qR)S, 

1. if{q-qR)Sr =S*f*{R*), 

2. f{q-qR)S C Sf{R), 

Proof: Ad 1. We already know that {f{q ■ qR)S)* D S*f*{R*), it is enough to prove 
that the opposite inclusion holds. Let y G D{{f{q ■ qR)S)*) and z = {f{q ■ qR)S)*y. Then 

{y\f{q-qR)Sx) = {z\x) (17) 

for any x G D{f{q ■ qR)S). In particular (see points 2. and 3. in Proposition the above 
relation holds for all x G Dq. Therefore 

iy\f{q ■ qR)Se'^'^'^^\') = {z\e~^'^'^^\') 

for any A > and x' G D{S). Using (^) we get 

(y|/(g-gi?)e-^^(«-«^)'5x') = (z|e-^^(^)'x') . 

By (0) 

(/*(i?*)e-^^*(^*)'y|5x') = (e-^W«)*)'z|x'). 
This relation holds for for any x' G D[S). Hence we obtain 

/*(i?*)e-^^*(-^*)'y G D(S*) and g-^^'^^'^'y G D{S*f*{R*)) . 

Moreover 

The above formula holds for any A > and the operator S* f*{R*) is closed. When A — > +0 
we obtain y G D{S*f*{R*)) and S*f*{R*)y = z. Thus we proved that (/(g • qR)Sy C 
S*f*{R*) and hence point 1. follows. 
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Ad 0. Observe that by ([T|) one can restrict x to Do- It shows that f{q ■ qR)S and its 
restriction to Dg have the same adjoints. Therefore they have the same closures, too. In 
other words, Dg is a core for f{q ■ qR)S. 

Ad 2. Let X G Do- Then x = e-^^^^'^\', where x' G D{S) and A > 0. Formula (§) 
yields that Sf{R)x = f{q ■ qR)e^^^^'^'^^^ Sx' . In particular for / = 1 we obtain Sx = 
^-\i{g-qR) g^i^ Comparing these two formulas we get 

f{q ■ qR)Sx = Sf{R)x 

This formula holds for any x G Dq- Remembering that Dq is a core for f{q-qR)S, we obtain 
f{q-qR)ScSf{R). □ 
Before we proceed to discuss properties of pairs {R,S) G D-^, we give an example of 
such operators. 

Example 3.5 (The most important one: Schrodinger's pair) Let 7i = L'^ {T , dj) . Then 
for any z ^ T, z = q^r, 

{Rf){z) = zf{z), 

and 

{VhaseRf){q''r)=q^f{q\) and = 

where 



N , _ 



D{R) = {/ G l\T) : ^ / r\f{q 



r)\ dr < oo}. 



Moreover 

{Sf){z) = f{q-'-q-'z), 

and 

(Phase 5/)(gV) = /(g^-V) and (|5|/)(gV) = f{q-' ■ q'r). 

The domain of D{\S\) consists of all functions f G L'^{T), such that there exists a function 
g G -Z^^(r) and a function f holomorphic in Kq x cj^ and such that for any /c = 0, 1, — 1 
we have 

lim fie'^Pr.q^) = f{q\) and lim /fc(e^'^r, g'^) = giq'^-^r) , 



j/V I r\ nr\ r\-i- id no i rt I rrtrt nil -t-nnn In /~iT 

N 



where limits are taken in L'^-norm. Moreover, for fixed (p not equal multiply of ^ and for 
any A > 0, function e^^^^'^^'''^^'^ f{re^^) should he hounded. From now on we will use notation 



f{q-' ■ q\) = g{q 



k~l 



r 



One can prove that thus defined operators R and S satisfy Definition 2A, i.e. {R,S) G 

The example above is crucial and all other examples are built up from this one. More 
precisely, by Stone-von Neumann Theorem, every pair {R, S) G D-j^ is a direct sum of a 
certain number of copies of pairs, which are all unitary equivalent to the Schrodinger's pair. 

We will use often the following remark and proposition. 



Remark 3.6 Checking one hy one conditions in Definition \2.1\ one can easily show that if 
iR,S) G Dn 71, 72 G P, then also {jiR,j2S) G D-^. 



Proposition 3.7 (Proposition 2.2 [|28[) If{R,S) G D-h , then also {R*,S*) G Dn and 
{S-^,R) G Dn and {S,R-^) G Dn and {R,SR) G Dn- 
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4 The quantum exponential function for the "az+b" group 



As we explained in Introduction, a sum of closed operators may not be closed. Therefore, we 
will not consider R + S itself but its appropriate closure. Contrary to the case of selfadjoint 
R and S considered in [|^, closure of the sum i? + is the desired operator, i.e. it is 
normal and its spectrum is contained in T (Theorem 2.4 w |^^). Let R+S denote closure 
of the sum R + S. We give now a useful formula for R+S, where {R, S) £ D-j-i, involving 
the quantum exponential function Fjy. The definition of F/v is given below. 



Proposition 4.1 (||28|]) Let {R, S) G Dn- Then 

R+S = Fn{S'^R)*SFn{S-^R) = Fn{R'^S)RFn{R'^S) 
The special function Fjy : F ^ C is given by [^] 

T-rl / l+q^y \ fo{qr) fr,r 2\k 

n.io (tt^) /oM for 2 A- 



where 



/,(z)=expjl riog(l + a-f)^^| , (19) 
[m Jq a + z ^ } 

for any z e C \ {M^ U {0}}. 

Note that if would be an odd number, this definition would not be good - values 
of function Ff^ at the point q^'r = q^+^r could be calculated in two different ways giving 
different results. Whereas for even we get, regardless of the way of calculating it, all the 
time the same value at the same point, i.e. F/v is well defined for an even A^. 



By (|l9| ) it follows that relation between fo and the special function Vq used in [23, 15 1 
is given by 

fo{q^r) = VN{\ogr + ihkf , (20) 

2 

where r G R-|_ and A; = 0, 1, . . . , A^ — 1. 

From |2^] we know that function Vn_ is holomorphic in the stripe 9x < tt, so in particular 
it is continuously differentiated along lines x = logr and x = logr + ih, for any r G R_|_. 

Moreover, by (1.37) and (1.38) |2| it follows that 

VN{\ogr + ilh) = l + -^^+no{q^r) , (21) 
2 li sm a 



where 



and / = or / = 1. 
Hence 



lim^^ = 

r^O r 



lim Vjv (log r)^ = 1 = lim Vn_ (log r + ihY 

r^O 2 r^O 2 



Therefore setting -F/v(0) = 1 will make Fi\j continuous on F. 
Moreover, by (1.7) @ 

\Fn{i)\=1 for 7Gr. 
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In order to prove the theorem of this Section we will need a formula for an expansion of i^Tv 
around 0. Let us derive a formula for derivative at the point zero for k even 

^1 1 + q^r ^ ^ 1 + q^r \ 1 + ^l^"^ \ fo{Qf) , yj ( ^ + Q^'^f \ ( fo{<lf)\ 



l + q-^r) 1 + r U 

' s=l ^ 



l + g^r/Vl + g^r/ \ \ + q '^r J 1 + r -'■-';Vl + 9 f / \ 1 + r 

Moreover 

1 + ^^ ' _ 2i9g2s ^ j^j-^^) y ^ _^ r)f'^{qr) - fo{qr) 



l + q-'^^rj (l+g-2'*r)2 \^ i + ^ y (1+r) 



By (|20| ) and (21) one can calculate right derivatives of function /o at the point zero 

f'o{r)\T=o = -T-^ and f'o{qr)\r=o = — ^ 
I sm h I sm n 

Hence 



F'A<l'r)\r=o = ^ - 1 + 2^ E ^9'^^' = ^ + 2. ^ 
smrt, ^-^ tsmn ^-^ 

s=0 s=l 



Let us compute 



k 



± = ^q^ E = (q^\^) = 9 (q^ 

s=l s=0 ^ ^ ^ ^ ^ 



Q 

^iiiq - q''^^))\ cos h - cos{k + l)h 



Hence 



Finely 



2 sin hi 2 sin h 



^, ^1 cos^ ^ — cos ^ + cos(A; + 1)^ cos{k + l)h 



F'^iq'r)\r=o = -—T + 



i sin h i sin ^ i sin 



i^^(g>)|,=o 



2i sin 

Similar calculations show that the above formula remains true also for k odd. From the 
Taylor formula we obtain an expansion of -F/v around for A G M+ and t £T 

FNiXt) = l + —^iqt + qt)+r{\t)X\t\ , (22) 
2i sm n 



where 



lim r(Xt) = . (23) 

A-+0 



Moreover, using (|^) one can deduce that 

lim r{Xt) = -Fj^{Xt)\t=o ■ 

A— > + CXD 

Obviously, function r is continuous on 7. Hence, there exist a constant M, independent of 
A, and such that 

|r(At)| < M,for any t G r. (24) 
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By (H) we have 
in particular 

lim = ^ . (26) 

A^o A 2i sin n 

Our next objective is to derive (HI), which we will use to transform (|48|). Let dE{t) be a 



spectral measure |12, Chapter 8] of normal operator T. According to rules of functional 



calculus |12, Theorem VIII. 6], a continuous, bounded function of an operator T has form 



Fn{\T)-I 



A 

for any u € 7i and v G D{T). 



r 



FAr(At) - 1 , , , , , 

^^^^^^^ (tx| di?(t) \v) , 



Moreover, by (25) 



^^^^ {u\ dE(t) \v) = [ Sl±^ (u\ dE{t) \v) + I r{Xt) (n| \t\ dE{t) \v) . (27) 

A Jy 2isinAi jp 

Observe that (u| \t\dE{t) \v) = {u\ dE{t)\T\ \v) and the measure (n| dE{t)\T\ \v) is finite. 

Constant function M, which majorises function r (se (p^)), is integrable with respect to 
the measure {u\ \t\dE{t) \v) and is the function majorising r(\t). 

Therefore, by the Lebesgue dominated convergence theorem [^, Theorem 1.16] and by 

lim J r{Xt) {u\ \t\dE{t) |t;) = . 

Hence by (|^) 

hm [ ^^^^l^ ~ ^ (n| dE{t) \v) = / {qt + ift) {u \ dE{t) \ v) , 

A^o Jy a 2i sm n J-p 



so 



lim I u 

A^O 



F^(AT)-/ 



A 



^ {u\{qT + qT*)\v) , 



2i sin /i 



for any u £ TC and f G E){T). This formula will be used in proof of the main theorem of 
this Section. 

The proposition below explains why is called the quantum exponential function 



Proposition 4.2 (Theorem 2.6, [|28|) Let {R,S) G Dn- Then 

Fn{R)Fn{S) = Fn{R+S) 

Later on in this Section we will prove that the quantum exponential function is unique (up 
to a parameter) solution of (p^). 



5 Normal extensions of fiR + RS 

Proposition 5.1 Let {R, S) £ D-j-i and let // G C Operator fiR + RS has a normal 
extension if and only if, when ^ G F. 
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Proof: <^ Obvious, because according to Proposition (3/7) we have {RS,S) G Z??^, and on 
account of Remark it follows that {RS,fiS) € Dj^, so fiS+RS is by Theorem 2.4 [28| a 
normal extension of fiS + RS . 

=> We show that for any /x G C \ F operator jiS + RS has not a normal extension. Let us 
introduce notation 

Q = HS + RS. 

We first prove that operator Q is closed. 
Let us define 

1 1 

m := sup 



er l/i + z\ d{-fi,r) 

where d{—fi, T) denotes Euclidean distance of the point —fi from the set T. Note that 
m < oo, since T is closed and —fi^T. Hence for any z G F we have 

c|/U + z\ > 1. 

We know that spectrum of operator R is contained in F and that R is normal operator, i.e. 
there exists a representation in which it is a multiplication by a F-valued function operator. 
Hence for any ip £ D{fj,i + R) 

cWifii + RM > 



so for any / € D{Q) we have 

c\\Qf\\>\\Sf\\. (28) 

Consider a sequence ij^^ of elements of D{Q) norm-converging to (p and such that Q4'n 
is norm-converging to certain y. Since D{Q) C D{S) and by inequality (pSj), we conclude 
that also G ^("S) and Scpn is norm-converging to as operator 5" is normal, so it is 
closed. S ince (pYi belongs to the domain of operator hence it belongs also to the domain 
of operator RS. Moreover, RScpn is converging to y — fiScj). As we know that operator RS 
is closed we see that (j) belongs also to the domain of Q and y = RScp + ^Scp = Qfp- It 
means that operator Q is closed. 

By definition, the domain of operator Q* consists of all x £ TC such that there exists 
w £ TC such that for any y £ D{Q) we have 

{x,Qy) = {w,y) . (29) 

Set 

/(r) = fi + q-'^r . 
Observe that function / belongs to space H. With this notation 

Q = f{q-qR)oS . 



Since Do is a core for Q, one can assume in formula (|29| ) that y G Dq. Every element y G Do 
has form y = e~^^^^^ z for certain A > and z G D{S). Hence 

{x,Qy) = {x\f{q-qR)Se-''^''^"z) 

Since function e"''*^^')^ G Hi^oundedi (^) shows that 

{x,Qy) = {x\f{q - qR)e-^'^'^"''^' Sz) . 
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Moreover, since operator f(q ■ qR)e ^^(i-qR)'^ jg bounded, we see that the domain of its 
adjoint operator is the whole space H. Hence by @ 

{x,Qy) = {f*{R*)e-^^*'^^">\\Sz) = (/*(i?*)x|e-^^(«-«^)'Sz) . 
Consequently, if vector x £ TC belongs to the domain Q*, then 

{-pi + R*)e-^^*^^"^\ e D{S*) = D{S) . (30) 

Moreover 

S*{-pi + i2*)e-^^*(^*)'x = e-^W^)*)'g*x . (31) 

Let 

Q' = {Q*\DiQ)r ■ 

On account of Proposition ( p.4| ) point 2 

Q* = {f{q ■ qR) ° S)* = s*f*{R*) . 

We will prove that 

Q*\DiQ) = f{q-qRr°S*. (32) 

Vector X G D{Q) belongs to the domain of operator Q*\d{Q)j if ^oi any y G D{Q) there 
exists w & H such that 

{x\Qy) = {w\y) . 

We know, that Do is a core for Q. Therefore we can set y G Do in the above formula. Every 
element y G Do has form 



for any A > and z G D{S). Hence 

{x,Qy) = {x\f{q ■ qR)Se 

Since z G D{S) and e^'^^^'^^ G Hi^ounded, formula (^) implies 

{x\f{q-qR)e~^^^''-'^^'>'Sz) . 

Moreover function f{-)e~^^^'^^ G Hhoundedi so using once more @ we obtain 

(x|5/(i?)e-^^(-^)'z) . 

Since x G ^'(Q), it follows that x G D{S) = D{S*). Hence 

(x|S/(i?)e-^^(^)'z) = {S*x\f{R)e-^^^^^'z) . 

Moreover Sx G D{f{q- qR)) = D{f{R)*). It is easily seen that the domain of f{R)* is 
invariant with respect to the action of operator Phase S. Hence also S*x G D{f{R)*). 
Consequently 

{S*x\f{R)e-^^^^^'z) = {f{R)*S*x\e-^^^^'^\) = {f{R)*S*x\y) . 
Thus we proved 
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We proceed to derive condition which x G Ti has to satisfy to belong to the domain of 
Q'. By definition, x e D{Q') if for any y e D{Q) 

{x\Q*y) = {Q'x\y) . 



By (|3|) and (^) 

{x\Q*y) = {x\r{R*)oS*y) 



On account of ( |3.4| ) point 1, Do is a core of operator Q*\d{q)- Hence we may assume that 
y G Dq. Every element y G Do has form 

for any A > and z G D{S*). Hence 

(x,g*y) = (x|r(i?*)5*e-^^(^*)^) . 

By dH), as previously, we obtain 

{x,Q*y) = {x\f*{R*)e-^^^'i-'i^">'s*z) . 

Moreover, since operator f*(^R*^e~^^^'^''^^*^^ is bounded, the domain of its adjoint is the 
whole Hilbert space H. 
Hence by © 

{x,Q*y) = {e'^'*^''^"f{q-qR)x\S*z) . 
Prom this we conclude that if x G D{Q'), then 

{^iI + R)e-^^'^^^\eD{S) . (33) 

Moreover 

Sif^I + R)e-'''^^y'x = e-^W«*)*)'Q'x . (34) 
Observe also that by (0) for any z G F 

t{z) = r{z) . 

It implies that 

g-Ar(R*)2 ^ g-Ar{i?)2 ^ 

for any A > 0. This result allows one to replace (|3^) with a more convenient, as we will 
soon see, condition 

(77/ + i?*)e-^^*(^)'x G D{S) . (35) 

Assume that x G D{Q*) n D{Q'). It means that x satisfies simultaneously ( |35| ) and (p^), 
i.e. 

(Tli + i?*)e-^^*(^)'x G Z?(5) and {fil + i?)e-^^*(-^)'x G -D(5) . 

Because the domain of operator S is invariant with respect to the action of the phase of R, 
the second condition yields that 

(7l(Phase Rf + R*)e-^^*^^^\ G D{S) . (36) 
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Since a domain of any linear operator is a linear subspace of Tl, hence by ( pq ) and (^) it 
follows that 

(7l(Phase Rf - ^/)e-^^'(^''x G D{S) . (37) 

Let p be the A^th primitive root of unity, i.e. let p G C and = 1. Let function h be 
defined on the set of iVTh roots of unity and be given by 

Hp) =T^p^ - p ■ 

Note that h{p) ^ 0, since in order to have equality Jiq^^ = p, the phase of p would have to 
be equal to the multiply of But this contradicts our assumption that p ^ ^■ 

We know that Phase i? is a unitary operator which eigenvalues are all A^th roots of 
unity. Consequently the operator 

/i(Phase R) = 7x(Phase i?)^ — p 

is invertible. Moreover it is easily seen that the operator /i(Phase R)~^ is given by 

/i(Phase R) = a^i + ai(Phase R) + a2(Phase R)^ + . . . + aAr_i(Phase R)^^^, 

where ao, ai, 02, . . . , ajy-i G C 
Therefore, because 

/i(Phase i?)e-^^*(^)'x G D{S) 

and the domain of the operator S is invariant with respect to the action of the phase of 
operator R, it follows that 

/i(Phase R)-^h(Phase R)e-^^*^^^\ G D{S) , 

and finally 

for any A > 0. 

Let A = Ai + A2, where Ai, A2 G M+. By(|) 

Moreover the operator Re~^^^*^i''i^^^ is bounded, hence for any y €z 7i 

^-X,r{g.gR)^y G D{R). 

Moreover 

{p + Oe-^l^*^-)' G Hbounded. 

Hence by (P) for any x G7i we have 

5(/z/ + i?)e-"^*(^)'x = (p/ + g2i?)e-^i^*('?-5«)'5e-^2^*(«)'x = {pI + q^R)Se-^'*^''^\ . (39) 
On the other hand by ( |3^ 

5(^.1 + i?)e-^^*(^)^ = e-^W^*)*)'Q'x . (40) 



Combining (3£) and ( [40[) we obtain 



(pi + 9^^)56-^^^^^ X = e--^^^^^^^ Q'x . (41) 
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It has been already proved that the operator Q = (/iJ + R) o S \s closed. Therefore on 
account of remark ^.61 the operator (/xl + q^R) o S \s also closed. Hence setting A ^ 0"*' into 
formula ( p| ) yields 

X G + q^R) oS) = D{{i2l + R)oS) = D{Q) . 

We have have proved that if x G D{Q*) n D(Q'), then x £ D{Q). Rephrasing, we have 
proved that 

D{Q):^ D{Q*)r\D{Q') . 
On the other hand, from the definitions of operators Q* and Q' it is obvious that 

D{Q) C D{Q*)r^D{Q') . 

Consequently, we have proved that 

D{Q) = D{Q*)nD{Q') . (42) 

Note that the domain of Q* is strictly greater than this of Q. 

In order to give an example of a function -0 G L^(r), such that 

let us assume that {R*,S*) is the Schrodinger pair (see Example |3.5| ). Then operator Q* 
acts on functions ip from its domain as follows 

(g»(z) = (s*((77 + z)^))(z) . 

Let function he for any z GT given by 



Observe that ^p G -L^(r), since F. Moreover the function (^u + •)0 = e ''^ 
sponding to the function {jl + in the sense described in Example is holomorphic 
and bounded inside Ao x q^. Moreover, one can easily check that this function satisfies 
also other conditions of belonging to the domain of IS"! given in Example Moreover, 
Q*il! G -^^^(r). Consequently, ip belongs to the domain of Q*. 

However, ip does not belong to the domain of operator Q, since it does not belong to the 
domain of Function ip does not belong to the domain of IS"!, since its corresponding ( in 
the sense explained in Example |3.5| ) function ip is meromorphic (but it is not holomorphic) . 
Namely, function ip has a simple pole at the point z = —JI. It shows that D{Q) ^ D{Q*) 
and Q is closed, so Q is not normal. 

We repeat now S.L. Woronowicz's reasoning from the proof of Theorem 2.2 |^5|. assume, 
that Q is a normal extension of Q. Then 

D{Q) C D{Q) = D{Q*) C D{Q*) . (43) 

On the other hand 

Q*\d(q) C Q* C Q* , 

hence 

D{Q) C D{Q'), (44) 
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since Q' = {Q*\d(Q))*- 

Using (H),® and (|4|) we obtain that 

D{Q) C D{Q). 

But by assumption Q is a normal extension of Q, so Q = Q. 

This last result implies that if Q is not normal, it has not a normal extension. We recall 
that we have already proved that Q is normal. 

We have thus proved that if ;U ^ F then the operator fiS + RS has no normal extension, 
which completes the proof. □ 

6 Solutions of the scalar exponential equation 

We proceed to the proof of the main theorem of this Section. 

Theorem 6.1 Let (i?, S) £ Dj-i and let f : T ^ be a Borel function. The following 
conditions are equivalent 

!)■ 

f{R)f{S) = f{R+S) (45) 

2). 

f{z) = Fm{7z) (46) 
for any 7 € F and almost all z £ T. 



Proof: 1). <^ 2). By Remark 3.G we know (7/?, 75) G D-j-i for any 7 € F. Moreover 



jR+'yS = j{R+S). Hence by Proposition | 

FNhR)FN{-fS) = FN{jiR+S)) , 
which shows that function ( ^6[ ) satisfies 1).. 

2). ^ 1). Applying Proposition to the right-hand-side of (|45| ) we obtain 

fiR)f{S) = FNiS-^Rrf{S)FN{S-^R) . (47) 



Let A > be an arbitrary real positive number. Then by Remark 3.f: it follows that 



{XR, S) G Dt-i. Substituting \R instead of R into equation (47) and setting T = S ^R we 
obtain 

f{\R)f{S) = FN{XTrf{S)FN{XT) . 

Equivalently 

f{XR)f{S) - fiS) = FN{XTrf{S)FN{XT) - F^(AT)*/(5) + F^(Ar)7(5) - fiS) . 

(Note the all the operators above are bounded, so adding and subtraction them do not 
change theirs domains. However, if the operators involved would be unbounded, one could 
get a false inequality, because such a procedure could change domains of operators.) 
Dividing both sides by A > we get 

«M^/(5) = f„(Ar)-/(5)^^i^ + ^^^^^nS) . (48) 
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Let RHS and LHS denote right and and left hand side of (p8|) and let x, z E D(T). Then 



lim (z \RHS\ x) = 

A^o^ ' ' ^ 2sin;i 



iz\fiS){qT + qT*) x) + 



2 sin h 
By the reasoning above 

Observation 6.2 For any x,z £ D{T) there exists the limit 

f{XR) - I 



i{qT + qT*)z \fiS)x). (49) 



lim I z 



A 



fiS)x 



We will use the Lemma below to write this limit in the form convenient for future compu- 
tation 



Lemma 6.3 (Lemma 7.2 z |23[j) Let f be a bounded Borel function on M+ and let Y 

be a self adjoint positive operator acting on Hilbert space TC. Let H be the set of pairs 
{z,x) G L){Y) X TC such that there exists the limit 

/(AF) - / 



lim I z 



A 



If there is a pair {y,u) G E such that {Yy\u) ^ 0, then there is also a constant nj such that 

/(Ay) - / 



lim I z 

A^+0 



A 



l^fiY 



z\x] 



for any {z,x) G H, and fj,f depends only on f. 



Note the the Lemma above can be applied to the function / mentioned in Theorem |6.1| 
and satisfying condition (^) (because this function is by assumption Borel and bounded) 
and to the operator Y = \R\, which is clearly selfadjoint and positive. 

Let TLk denote an eigenspace of Phase R corresponding to the eigenvalue q^. We have 
the following decomposition of the Hilbert space TC: 



The restriction of Operator R to the space Ti^ is q^\R\. (Matrix representation of phases of 
operators {R, S) G D-}i is discussed in Section ^ and given by (^0[) and (^)) By Lemma 6^ 



applied independently in every space Tik to the function f{q^.) and the operator and 
by Observation 6.2 it follows that 

f{M^\R\)- 



lim I z 

A^O 



A 



2 sin h 



li{q^)\R\z \ y 



(50) 



where z G D(R) D D{T) and y G f{S)D{T) and /u is a complex- valued function defined on 
the set of all A^th roots of unity. Observe that the function fi is determined uniquely by 
complex numbers bi,b2, ■■■,biy such that 



H(p) = bi + b2P + b3p'^ + ... + bNP^~^ , 

where p G C and = 1. Note thatp G F. 

To make further computations easier we adopt different p in order to have 2~mh 
parentheses in ([50|). 



(51) 



before 
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lim 



f(S)x = lim (z \LHS\ x) = (/ufPhase RY\R\z I fiS)x) . (52) 

A^o 2 sm n 



Substituting y = f{S)x, where x G D{T), to 

fim - 1 

A 

Comparing (|5^) and (^9|) we conclude that 

(^(Phase Rr\R\z \f{S) x) = (z \f{S)iqT + qT*) x) - {{qT + qT*)z x) , (53) 

for any z G D{R) D D{T) and x G D{T). 

From Remark |3.6| it follows that if operators (-R, S) G D-}^ satisfy the above equation 
they satisfy also {pR, S) G D-y^. Let us substitute pR instead of R to the equation (|^) and 
write function p in the form (|5l| ) 

6i (z|/(5)x) + ph2 {R*z\f{S)x) + pHs ((Phase R)-^\R\z\f{S)x) + ... 

...+ p^-Hn-1 ((Phase Rf\R\z\f{S)x) + p^-^bN {Rz\f{S)x) = 

= pq{iz \fiS)Tx) - iT*z\f{S) x)} + {{z\fiS)T*x) - {Tz\f{S)x)} .' 

Since p^ are linearly independent for different k G {0, 1,2, ... ,A'^ — 1}, it follows that by 
comparing coefficients of the same powers of p on both sides of the above equation, we 
obtain that 6yt = for A; 7^ 2 and k ^ N and 

bNq (Rz I fiS)x) = iz\f{S)T*x) - {Tz\f{S)x) (54) 

and 

h^q-^ {R*z\f{S)x) = {z\f{S)Tx) - {T*z\f{S)x) . 



Setting 7 = bj\fq and rewriting ( |54D in a slightly different form we get 

{{^R + T)z\f{S)x) = {z\fiS)T*x) , 

for any z G D{R) n D{T) and x G D{T). Let us set y = f{S)x, i.e. y G f{S)D{T). Then 
D(T) = D{T*), since T is normal and D{f{S)) = 7i, since f{S) is bounded. So 

{{^R + T)z\y) = iz\f{S)T*fiSry) , 

for any z G L>(i?) n D{T) and y G D{f{S)T*f{S)*). We see that the operator jR + T is 
contained in the operator adjoint to f{S)T*f{S)* 

7i? + T c if{S)T*fiS)*r = f{S)Tf{Sr . (55) 

The operator on the right-hand-side is unitarily equivalent to a normal operator, so it 



is normal. It means that the operator "fR + T has a normal extension. Proposition 5.1 



implies that in such a case 7 G F. Consequently, by Remark ^ we have {T,jR) G D-h. 
By Theorem 2.4 |28] the closure of 'jR + T, denoted by "jR+T, is normal for any 7 G F. 
Moreover, Proposition yields 

jR+T = FN{jS)TFM{lSr. (56) 



Because by Proposition |5.1| 7/? -|- T has a normal extension and by Theorem 2.4 |^8[ this 
normal extension of jR -|- T is ^R+T, by ( |55| ) and since normal operators do not have 
normal extensions, one may conclude that 

7i?+T = /(75)r/(75)*. (57) 
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Comparing ( |5^ ) and (^6|) we obtain 

FNi7S)TFNi7Sr = fiS)TfiSr . 

Hence 

TFNijSYfiS) = FN{jSrf{S)T, 

so T commutes with a bounded operator Fn {'j S)* f (S) . By spectral theorem for normal 
operators Theorem 13.33] it follows that F]\f {'j S)* f (S) commutes also with functions 
|T|**, where t £R. Hence 

\Tf'FNhSrfiS)\Tr' = FNijSyfiS) , 

so 

FNiXjSYfiXS) = F^i^SyfiS) , (58) 
where A = e~^*. Considerations preceding Lemma |6.3| imply that for any (T, R) G D-j-i 



hm {z\f{XR)0 = {z\0 , 

A — ^0 

for any z E D(T) and ^ G f{S)D{T). Since (T, 5) G Dj^, hence we obtain 

lim (C|F^(A7S)V(A5)e) = (Cle) , 

A — *0 

where C G Fn{jS)*D{T) and ^ e f{S-^)D{T). Note that L>(r) is linearly dense in as 
the operator T is densely defined. Similarly, we see that f{S~^)D{T) and F]y{'yS)* D(T) are 
densely defined, since f{S~^) and F^i^S) are unitary. Hence Fj\[{X'yS)* f{XS) converges 
weakly to /, when A goes to 0. Since the right-hand-side of ( |58|) is independent on A, it 
follows that 

FN{XjSrf{XS) = I , 

so 

/(5) = F^(75) , 

where 7 G F, which completes the proof. □ 

7 Solutions of the general exponential equation for the quan- 
tum "az+b" group 



We prove now the generalization of the Theorem 6.1 to the case of an operator-valued 



function /. Our earlier results from |15, 14 1 will make this proof much simpler. 

Let / be a function defined on F and such, that for any z G F, f{z) is a unitary operator 
acting on a Hilbert space /C, i.e. f{z) G Unit(/C). We will call / a Borel function iff for any 
ip,ijj G IC the function 

z ^ (<^|/(z)^) 

is Borel. Then for any normal operator R with spectrum contained in F we define function 
f{R) by 

f{R) = [ f{z)®dER{z), 



r 



where dE^ is the spectral measure of the operator R and f{z) is a unitary operator acting 
on a Hilbert space /C. 
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Theorem 7.1 Let f be a Borel function defined on T with values in unitary operators 
acting on IC and let {R,S) G D-^. Then 



f{R)f{S) = fiR+S) 



I there exists an invertible \ 
normal operator M , 
such that SpM C T 
and f{z) = Fn{Mz) 
for a. a. z £ F. 



Proof: 4= If f{z) = Fn{Mz), then f{R) = Fn{M ® R), where 



FNiM(g)R) = J FN{Mz)(g)dER{z) 



where dE^ is the spectral measure of R. By assumption (R, S) € D-^^ and M is an invertible 
normal operator such that SpM C F. Let us set R' = M ® R and S' = M ® S. Then 
{R! , S") E D-yi^jQ. Therefore by Theorem lOI we get 



Fn{M R)Fn{M (^S) = Fn{M(^ (R+S)) . 
^ We will use the same method as in the proof of Theorem 2.6 |jl5|, i.e. we show that 

f{z)f{x) = f{x)f{z) , 

for any z, x G F. For the Reader's convenience we recall why it is enough to prove this. 
Observe that if dim/C = /c < oo, then from commutation of unitary operators f{z) and 
f{x) follows that there exists orthonormal basis in which these operators are represented 
by diagonal matrices for any x,y £ F. Thus the problem reduces to finding solutions of k 
scalar equations 

fo{R)fo{S) = fo{R+S) , 

where fo is a complex-valued function defined on F. The above reasoning can be generalized 
to the case of arbitrary many dimensional separable Hilbert space IC. This is so because 
operators fiq'^r) and f{q^s) belong to a commutative *-subalgebra of B{1C). Therefore, by 
spectral theorem and its consequences ||^, Chapter X], operators f{q^r) and f{q^s) have the 
same spectral measure 



f{q^r) 



Hence 



and 



fo{q''r,t)dEjc{t) and f{q's)= fo{q's,t)dE^{t). 
Jo 



f{R)= [ r fo{q''r,t)dE,c{t) ^ dEniz) 
Jr Jo 



f{S) 



2n 



r Jo 



fo{q^s,t)dEf:{t)0dEs{z) , 



where the function fo is complex- valued. Thus Theorem |7.l| reduces to the already proved 
"scalar" Theorem |6.1| . 

We proceed to prove that really for any r,s £ M+ and A;,/ = 0,1,...,A^ — Iwe have 



f{q^r)f{qh) = f{q's)f{q\) . 



(59) 
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Observe that operators Phase R and Phase S have in a certain basis the following matrix 
representation 





1 





. 












q 


. 







Phase R = 








■ 





(60) 










. 


'. . 





and 



Phase S 



1 











1 



(61) 



Let T = S-^R. Then 



Phase T = (Phase 5)*Phase R , 



so 



Phase T = q 






.. 







1 


.. 











q ■■ 





1 


1 


.. 


'. 






(62) 



We use the notion of generalized eigenvectors. It is well known that a selfadjoint operator 
with continuous spectrum acting on 7i does not have eigenvectors. Still one can show that in 
the general case the generalized eigenvectors are continuous linear functionals on a certain 
dense locally convex subspace ^ C TC, provided with a much stronger topology than TC. 
Then we get the same formulas as for discreet spectrum provided we replace scalar product 
by the duality relation between $ and <!>'. This will be explained by the example below, for 
general considerations see |10]. 

Example 7.2 Let H = L^{R) and 



\R\ = eP and |5| = and |T| 



cP-Q 



(63) 



These operators have continuous spectra, so they do not have eigenvectors. There are how- 
ever tempered distributions on M such that for every function f from the Schwartz space of 
smooth functions on M decreasing rapidly at infinity S(M) we have 

(/I \R\ = r(/|a,) and (/| |5| \<l>s) = s{f\'^s) and (/| |r| 1^/^) = t{f\%). (64) 

Such \0,r), |$s) and \^t) <ire called generalized eigenvectors of operators l-Rl,!^! and \T\ with 
eigenvalues respectively r, s and t. 

An example of generalized eigenvectors of operators (|6^) is 



^Ixiogr \^s) = S{logs - x) and 



e 2« e ft 



Moreover, we will use notation of a type {Qr\^s)- 
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It should be understood in the following way: for any f G 5(M) we have 



(flrlf) = / {nr\^s){'^s\f)ds . (65) 
JR 

To shorten notation from now on we skip the integration symbol, i.e. we write 

{Qrlf) = {nr\^s){<^s\f)- 

instead of ( |65| ) The generalized eigenvectors Q are said to have the Dirac 6 normalization if 

{^Irl^s) = ^ir — s) , 

where 6 is the Dirac 6 distribution. Note that generalized eigenvectors fi, ^ and ^ given 
above have the Dirac 6 normalization. 

Let \i}r) be a generalized eigenvector of R with real eigenvalue r and with Dirac delta 
normalization. Analogously, let \^s) and \^t) denote generalized eigenvectors of operators 
S and T with real eigenvalues respectively s and t and with the Dirac delta normalization. 

Let us define 1^^^^) using the vector \Q,r) introduced above 

l^fc r) = Cfc (8) \^r) 

where and k = 0,1, . . . , N — 1 and 





" 1 " 




" " 




' 









1 







eo = 





, ei = 





, . . . , CN-l = 

















1 



Similarly, we define the vector \^i^s) using the vector \^s) introduced above 

\^l,s) = fl® \^s) 

where 



1 



fi 



and / = 0, 1,... ,iV- 1. 

Analogously, the vector \^m,t) is given by 



1 

JN-l)l 



where 



and m,p = 0,1, . . . , N — 1. 



{9m) p 



1 1 



(p2-2p(m+l)) 
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Note that \^k,r), \^i,s) and \'^rn,t) are generalized eigenvectors of R, S and T, respec- 
tively, corresponding to generalized eigenvalues q^r,q^s and q"^t. 
In order to prove ( |59[ ) we compute matrix elements 

{nkMiR)fis)\'^i,s) ■ 



Since the function / satisfies exponential equation, is Borel and by (4.1) 

fiR)f{S) = fiR+S) = F^(r)*/(S)F^(r) . 

Therefore 

{nk,r\f{R)f{Sm,s) = {nk,r\FN{Tr\^rn,t){^n.MiS)\'^nrs){'^nrs\FN{n^ ■ 

Hence 

f{q''r)f{q's) = {nk,r\'^l,sr'{nk,r\FN{Ty\^^,t){'i'^^^^ 
It is easily checked that 

V A* 



\p=o / 

As we see from the last formula, one has to compute for any integer a a sum 

N-l N-l N-l 

p=o p=o p=o 

In the appendix we derive the formula 

7V-1 

e-ivP = ViVe"- (66) 

Hence 

N-\ 
p=o 

so 

(^.„,t|^n,s> = ^e-Xet(-+"+i)'(vI/,|cI>,) 
V A* 



Using Proposition 1.1 [28| one can easily prove that 

Proposition 7.3 For any m = 0,1, . . . , N — 1 and t G i?+ we have 



F^iqmt) = )e-^(-+i)%^i°g'*F^(g— , (67) 
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By Proposition above 

Inserting —m — 2 in the place of m, we get 

Observed that by formula 1.36 [^], for any t € M 



Veilogt) = e-'^c'^e'—Ve{-logt) , (68) 



/ lY — _i_ _i_ """^ \ 

where 0)^^ = en > . 



Moreover, we have prove in |15] that 



{nr\Vg{logTy\^,) = 4e-*— (cI>,|F,(logr)|cI>,) . (69) 



By (p§) and (66) 



e-Xe2kl°*?'*F^(g™t-i)(17,|M/i)(v&i|cI>,-) = e-'"^ FM{q"'t){^s\^t){^t\<^r) 
Moreover 

^F^(Q-t)et('^^+2fc™-2™n+2fcW-2n) ^ e^'^"' (M^n^) (O) (^n^ | /fc) 

Hence 

{Qk,r\FN{Ty\<^n,s) = )e*'^"%-^^(c^„,s|Fiv(T)|cl.,,,) . (70) 

Therefore 



/(gM/(9'5) = g-'7(g"s)(^^r|^s)-'(^^fc,r|i^Jv(T)*|cI>„,5)($„,g|Fiv(T)|<I> 



The expression below is clearly symmetric with respect to swapping k <^ I with r <-> s, 
which completes the proof. □ 

A Deriving formula 

We will derive the formula 

N-l 
p=0 

where is a non-zero even number. 
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Let us introduce the notation 



N-l 



Op = e P and Sn = 



p=0 



In order to compute (\n\) we integrate the function 



e 



o27Tiz 



(72) 



over the contour T as on the Figure |^. 

Since is an even number, it follows that for any z € C from the domain of / we have 



f(z + N)-f{z) = e 



N 



(73) 



Let us introduce the notation 



R 1 
f{-l^ + iy)i'dy and h 



1 



" 2 



f{N - - + iy)idy and h 
R ^ 



^' 2 



f{x — iR)dx 
f{x + iR)dx 



Observe that 



j^f{z)dz = h+h + h+h 



N 



Function / in the interior of T has simple poles at the points z = 1, 2, . . . , 
at these points are 



(74) 

, and residues 



'RQSz=nf{z) = — ^ 



Therefore by the Residue Theorem 

Af-l 



/ f{z)dz = 2-Ki V] Res2=p/(z) = oq + a2 + . . . + aAr_i = Sn 



p=0 

Comparing (|7^) and (^5|) we get 

Sn = h+h + h + h ■ 
We proceed now to calculate integrals I2 and I 4^. 



(75) 



(76) 



2 e^v 



(x-iRf 



1 e 



2TTi(x—iR) 



-1 -(:j;2_^2) 2.^^ 



1 g27r(i?+jx) _ ]^ 



Since 

it follows that 
h < 



1 g27r(_R+ix) _ ]^ 



< 



2 



2 271 



e'j^^dx 



2t:R 62^^^ - 1 2ttR 
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A 'J 



-1/2 



H-l/Z 



Figure 1: contour V 



Hence I2 converges to 0, when R goes to +00. Using similar estimation one can prove that 
I4 converges also to 0, when R goes to +00. Moreover, using formula ( |73|) we get 



R 



1 



1 



Ii+l^ = 2 [ f{N - - +it) - f{ — + it)]idy = 2 e — ^ — idy = 2i 



R 



R 



e N 



R 



When R — > +00, then Ii + takes form 



hoo 

2i I 

-00 



^('+¥)'dy = 2i 



+00 



dy 



After passing to the limit R +00 into the formula ( |7q ) we get 



Sn = 2i 



<t+¥fdy 



It is easily seen that 
Hence 



dy 



S2 = l + i . 



— U + 1) = -i-^ex . 
2V2i 2 



Thus for any even N >2 we have 



N-l 



p=0 



Ne~ 
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